
Computational study of the response of periodic piezoelectric thin films on substrates

B. Liu,1 S. Pidugu,2 and A. Bhattacharyya1,*
1Department of Applied Science, University of Arkansas at Little Rock, 2801 South University, ETAS 575,

Little Rock, Arkansas 72204-1099, USA
2Department of Engineering Technology, University of Arkansas at Little Rock, 2801 South University, ETAS 227,

Little Rock, Arkansas 72204-1099, USA
�Received 10 April 2007; revised manuscript received 24 July 2007; published 3 January 2008�

This paper reports a finite element study of periodic, piezoelectric thin film islands on a substrate. The
interactions of island radius, interisland periodicity, substrate stiffness, and boundary conditions are examined.
It is seen that the degradation of the electromechanical response of the piezoelectric film due to deposition on
a substrate is reduced due to two factors: a higher ratio of in-plane area of island to in-plane area of substrate
and a lower interisland spacing in the periodic geometry. The effective piezoelectric coefficient of the deposited
thin film is different depending on whether the converse or the direct piezoelectric effect is being studied and
is larger in the latter case.
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I. INTRODUCTION

Deposition of thin ferroelectric films on substrates affects
the piezoelectric and ferroelectric properties of the films re-
sulting in an effective film response that is weaker than the
response of a freestanding film. This outcome is due to vari-
ous reasons including clamping effects of the substrate on
the film,1 lattice mismatch,2 and dislocation generation,3 all
of which are impacted by the geometric dimensions of the
film1,4 as well as the stiffnesses of the film and the substrate.5

Equilibrium domain structures in periodic epitaxial thin
films were studied by finite element method and compared to
experiments for PbTiO3 thin films on MgO substrates.1 Not-
ing that the domain structures are affected by misfit strain
such as due to lattice mismatch, thermal effects, as well as
phase transformation, they studied the effects of the lateral
dimensions on lattice mismatch. The out-of-plane lattice pa-
rameter of the thin film decreased with an increase in the film
thickness. Substrate effects need to be factored into a deter-
mination of the piezoelectric properties of the thin films
based on their effective response after their deposition on the
substrate. This was addressed for a lead zirconate titanate
�PZT� film on an oxidized wafer6 and in the determination of
piezoelectric coefficients of ferroelectric PZT films with a
lead titanate �PbTiO3� or PT bottom electrode between the
film and modified Si wafer.7 Lattice mismatch strains were
responsible for an upward shift of the cubic-tetragonal phase
transition temperature by about 50 °C in a strontium titanate
�STO� film grown on LaAlO3 or LAO single-crystal sub-
strate with SrRuO3 or SRO buffer layers.8 Lattice mismatch
also leads to strain gradients in the thin films which can
affect polarization due to flexoelectric coupling; this was
studied for various thicknesses of Ba0.5Sr0.5TiO3 or BST thin
films with SRO bottom electrodes, deposited on a MgO
substrate.2

In the context of the piezoelectric response, the effect of
the substrate on thin films has been studied quite extensively.
In a finite element study of PZT thin films on STO and Si
substrates, Li et al.5 demonstrate the degradation in the film
piezoelectric properties not only due to the clamping effects

of the substrate but also due to substrate bending. While the
clamping effects can be compensated by reducing the in-
plane dimensions of the film, the bending of the substrate is
difficult to avoid, and its magnitude is dependent on the ma-
terial that is chosen for the substrate. The cumulative effects
of the piezoresponse of the thin film are used to determine an
effective converse piezoelectric coefficient and compared
with the experimentally measured value.5 Reduction of the
in-plane lateral dimensions of the thin film not only mitigates
the substrate clamping effects but also serves to relieve in-
ternal stresses that may arise out of a lattice mismatch. Since
the mismatch is primarily an interfacial phenomenon, a fur-
ther relief in internal stresses results from increasing the
thickness of the thin films. Therefore, tall, slender films are
likely to show the least degradation in their electromechani-
cal properties as compared to the properties of freestanding
films.

In order to get an electromechanical response over a large
area, patterning the film into periodic structures on the sub-
strate is the method of choice. This is especially relevant
when device miniaturization is the issue at hand.9 There is
also evidence that patterning contributes to a significant im-
provement in the effective properties of an epitaxial PZT thin
film on a STO substrate.9 The 100 nm PZT thin films with a
square cross section �lateral dimensions of 300 nm and less�
were patterned on STO in a square-periodic array. While the
enhancement in the property was attributed to the vanishing
of a domains, the effect of the deformation field in the film
and the substrate due to the geometric periodicity of the PZT
islands cannot be completely ruled out.

In this paper, we study the effect of electromechanical
boundary conditions on the response of periodic thin film
islands on a thick substrate. For the purpose of numerical
computation, we choose zinc oxide �ZnO� and strontium ti-
tanate �SrTiO3� or STO for the thin film and substrate, re-
spectively. The bulk of the work focuses on islands with
circular cross section. However, results are also compared to
that of islands with square cross section �but having the same
cross-sectional area as the circular shape�. The interactions
of island geometry �thickness and radius� with elastic prop-
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erties of the substrate, interisland spacing, and electrome-
chanical boundary conditions �free, x periodic, and xy peri-
odic� are studied. The predominant effect of the periodicity is
on the clamping effects of the substrate. Both responses—the
converse as well as the direct piezoelectric effects—are ad-
dressed. These responses are also a measure of the effective
piezoelectric compliance coefficient dzzz. While dzzz for a
freestanding film is identical regardless of whether the con-
verse or the direct effect is studied �as dzzz is a material
property�, such an identity is not guaranteed for the effective
dzzz when the thin film is attached to a substrate.

The scientific notation used in the text is summarized
here. Vectors will be represented using an upper case Latin

letter with an overhead arrow, e.g., D� . A second order tensor
will be represented with a boldface, lower case Greek letter,
�, a third order tensor with a boldface lower case Latin
letter, d, and a fourth order tensor with a boldface upper case
Latin letter, M. Components of vectors and second/third/
fourth order tensors will be denoted with the corresponding
letters in regular type and with one and two/three/four sub-
scripts, respectively. Thus, the component of the elastic com-
pliance tensor M relating the x-axis component of the strain
to the x-axis component of the stress is written as Mxxxx.

II. PERIODIC THIN FILMS ON A SUBSTRATE

A. Constitutive equations, nondimensionalization, and
boundary conditions

The electromechanical constitutive equations of the piezo-
electric thin film are10

� = M� + dTE� , D� = d� + ��E� , �1�

where � is the strain tenser, M is the elastic compliance
tensor, � is the stress tensor, d is the third order piezoelectric

compliance tensor �where T indicates transpose�, E� is the

electrical field vector, D� is the dielectric displacement vector,
and �� is the tensor of dielectric constants at constant stress.
The substrate is taken to be purely elastic and its constitutive
equation will be given by �=M�. Note that in the second

equation of Eqs. �1�, E� =−�� �, where � is the electric poten-
tial.

The geometry of the boundary value problem is shown in
Fig. 1. It is a square-periodic structure of circular islands of

thin films on the xy plane. In our parametric studies, we have
also compared the results for the circular islands with a pe-
riodic array of rectangular films of identical thickness and
identical cross-sectional area on the xy plane. The entire
study is carried out using nondimensional parameters; these
are indicated with a “bar” over their dimensional counter-
parts. Thus,

x̄ =
x

tf
, ȳ =

y

tf
, z̄ =

z

tf
, M̄ = Mxxxx

−1 M, d̄ = dzzz
−1d , �2�

where x, y, and z are the spatial coordinates, tf is the thick-
ness of the film, Mxxxx is the component of the compliance
tensor relating the x-axis component of the strain to the
x-axis component of the stress, and dzzz is the component
relating the z component of the electric displacement to the
z-axis component of the stress. With Eqs. �2�, Eqs. �1� are
nondimensionalized as

� = M̄�̄ + d̄TE�̄ , D�̄ = d̄�̄ + �̄�E�̄ , �3�

where the following nondimensional parameters have been
identified:

�̄ = �Mxxxx, E�̄ = E� dzzz, D�̄ = D�
Mxxxx

dzzz
, �̄� = �� Mxxxx

dzzz
2 .

�4�

Because of symmetry, only a quarter of the model needs
to be analyzed �see Fig. 1�. The displacements of a material
point along x, y, and z are denoted as ux, uy, and uz, respec-
tively; these are the orthogonal components of the displace-
ment vector u� . The parametric studies primarily focus on two
types of electromechanical boundary conditions: periodic
and free. The periodic boundary conditions11 are stated be-
low. Items �i�–�viii� are the mechanical boundary conditions,
whereas �ix� and �x� are the electrical boundary conditions.

�i� Surface OC�x̄=0� : ūx=0, where ūx indicates the com-
ponent of the displacement vector along the x̄ axis.

�ii� Surface AB�x̄= L̄s� : ūx= ūx�L̄s ,0 ,0�.
�iii� Surface OA�ȳ=0� : ūy =0.

�iv� Surface CB�ȳ= L̄s� : ūy = ūy�0, L̄s ,0�.
�v� Surface ED�z̄=−t̄s� : ūz=0. This boundary condition

simulates the experimental condition of a rigid platform on
which the substrate has been placed.

�vi� At E�x̄=0, ȳ=0, z̄=−t̄s� :u�̄ =0.

�vii� Interface between film and substrate �z̄=0� : ��u�̄��=0,
���̄n̂��=0, where �� �� indicates jump across the interface of a
given quantity and n̂ is a unit normal to a surface and di-
rected outward from the volume that is enveloped by the
surface.

�viii� On film surface �z̄=1� : �̄n̂= F̄z / Ā. Here, F̄z

=Fz�Mxxxx / tf
2�, where Fz is the normal mechanical load ap-

plied on the thin film, and Ā=�R̄f
2.

�ix� On film interface �z̄=0� : �̄=0, where �̄= �dzzz / tf��.

�x� On film surface �z̄=1� : �̄=−Ēz, where Ēz is the nor-
malized external electric field across the film thickness.

FIG. 1. Schematic diagram of a x̄ȳ-periodic structure with cir-
cular thin film islands and geometric details of a quarter unit cell.
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Computations with the free boundary conditions are mod-
eled by replacing conditions �i� and �iv� above with a
traction-free condition, �̄n̂=0. The converse piezoelectric ef-

fect is modeled by setting F̄z=0 in �viii� above, whereas the

direct piezoelectric effect is modeled by setting Ēz=0 in �x�.
The calculations are based on the material properties of a

zinc oxide �ZnO� thin film12 and a strontium titanate
�SrTiO3� or a STO substrate.13 The former is transversely
isotropic, and in the calculations, we assume that the axis of
transverse isotropy is perpendicular to the plane of the sub-
strate. The properties of ZnO are listed in Table I.

The STO substrate is taken to be elastically isotropic; its
Young’s modulus and the Poisson’s ratio are taken as Y
=189.7 GPa and �=0.232, respectively.13 We define a rela-
tive stiffness ratio � due to biaxial loading on film to that of
the substrate as �= �Y�Mxxxx+Mxxyy� / �1−���. For the as-
sumed material properties, the material stiffness ratio works
out to �=3.2317; unless otherwise stated, the above men-
tioned material properties are used in the computations. The
converse piezoelectric effect is computed by setting Ez
=5 V /m, whereas the direct effect is computed by setting
Fz /A=10.45�109 N /m2. While ZnO is piezoelectric, the
theory outlined in this paper can be used to model the initial
electroelastic response to an external electric or mechanical
field of a piezoelectric film that is also ferroelectric. In that
case, the incremental electromechanical response of the film
during external loading and prior to phase transformation

may be accounted for by replacing � , D� and � �in Eq. �1��
with their incremental counterparts, respectively. Further, the
material properties—M, D, and k�—will take their position
dependent values depending on the variant orientation in the
microstructure of the deposited film.

III. PARAMETRIC STUDIES

A. Optimization of the finite element model

The software ABAQUS is used for the finite element com-
putations. Three dimensional solid elements �type C3D6E�
with optimized grid seeds are employed to mesh the model;
an example is shown in Fig. 2. The mesh used in the film is
taken to be uniform on the xy plane and nonuniform along
the z direction. The nonuniformity is defined by the bias ratio
G1 /GN, where G1 and GN indicate the length of the first and
the Nth elements along the z direction for the first and the
Nth elements and the number of elements along the z direc-

tion �defined by N�. The user is required to provide the value
of the bias ratio and N; the software generates all N elements.
An identical nonuniformity in mesh generation is imple-
mented in the substrate from the interface to a depth equal to
the thickness of the film. Below this depth, a uniform mesh is
taken �with a total of 20 elements in the current calculations�.
The number of elements along the x direction is taken as M.
Figure 3 is a plot of the normalized vertical displacement of
the center of the top surface of the film relative to an iden-
tical freestanding film subjected to an electric field along the
z direction �referred henceforth as “relative normalized dis-
placement”� with respect to the bias ratio for different values

of N. These results have all been computed at R̄f, L̄s, and M
equal to 10, 100, and 10, respectively. The displacements are
not very sensitive for values of N=10 and higher and for bias
ratios of 10 and higher. We have chosen N=20 and a bias
ratio of 10, and then repeated these calculations for values of
M at 5, 10, 15, 20, and 25; the relative normalized displace-
ments are 0.1306, 0.2213, 0.2159, 0.2172, and 0.2169, re-
spectively. Thus, for the parametric studies, we have taken
N=20, bias ratio=10, and M =20.

B. Results

Figure 4 is a study of the relative normalized displace-

ment for a fixed normalized radius R̄f =5 of a circular thin

TABLE I. The material properties of the ZnO film �Ref. 12�.

Material property
Value
�GPa� Material property

Value
�C /m2�

Mxxxx 209 exxz, eyyz −0.48

Mxxyy 120.5 ezxx, ezyy −0.573

Mxxzz, Myyzz 104.6 ezzz 1.321

Mzzzz 210.6

Mxzxz, Myzyz 42.3

Mxyxy 44.25
FIG. 2. �Color online� Finite elements mesh with bias ratio �bias

ratio=G1 /GN�.

FIG. 3. �Color online� Effect of bias ratio and number of ele-
ments along film thickness on the relative normalized displacement
when an electric field is applied normal to the surface of the film
�the converse piezoelectric effect�.
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film with respect to an increase in L̄s; this latter quantity is
half of the spacing between the centers of neighboring thin
film islands �along the x or the y axis�. The effect of the
substrate is to diminish the displacement corresponding to
the converse piezoelectric strain; all values of the relative
normalized displacement are less than unity. The soft sub-
strate with circular islands �the lowest curve� causes a larger
reduction compared to the rigid substrate. Notice that at val-

ues of L̄s=20 and higher, the relative normalized displace-

ment is insensitive to different values of L̄s. Thus, over this
range, the interisland interaction is negligible and may as
well be simulated by considering each unit of the periodic
cell as an independent domain subjected to free boundary
conditions; we have confirmed this result with our computa-
tions. The film responses in this range �where interisland
interactions are negligible� were studied by Li et al.5 Below

L̄s=20, the relative normalized displacement increases
sharply, and specifically, this contribution comes from the
reduced elastic deformation of the substrate. This can be ex-
pected since a reduced interisland distance results in an in-
creased cell-to-cell interaction and a resulting decrease in
bending of the substrate out-of-plane and Poisson contraction
in-plane. Also included in this figure are the results of com-
putations for thin film islands with a square cross section,
where the areas of the square and circular films are taken
identical for comparison. Notice that both geometries give a
very similar response, with the circular shape giving a

slightly better response when R̄f � L̄s.
To study the effect of periodicity, we have given the rela-

tive normalized displacement with respect to L̄s in Fig. 5 for
three types of boundary conditions: free, x̄ periodic, and xy
periodic. The difference between these boundary conditions

appears below L̄s=20. The effect of the periodicity primarily
restricts the Poisson contraction in plane of the substrate and
reduces the bending of the substrate out of plane. As ex-
pected, the effect is the greatest for the xy-periodic boundary

condition and the least for the free boundary condition. With
respect to the converse piezoelectric strain of the freestand-
ing film, the overall response of the deposited thin film is
different due to four reasons �indicated by the numbers �1�–
�4� in Fig. 5�: �1� elastic strain of the film when attached to
the substrate, �2� elastic strain due to deformation of the
substrate, �3� elastic strain due to increasing in-plane area of
thin film island relative to in-plane area of substrate �inferred
from the fact that this case corresponds to “free” boundary
conditions�, �4� elastic strain due to periodicity of the islands.
Items �1� and �2�, which lead to a degradation of the electro-
mechanical response of the deposited thin film compared to
its freestanding counterpart, were identified by Li et al.5 in
their paper. Items �3� and �4� are responsible for a reduction
in the degradation of the electromechanical response. This is
also demonstrated by a comparison of the contour plots of
the vertical displacement ūz for the three types of boundary
conditions in Fig. 6; notice that the substrate with the free
boundary condition has the largest volume �the “yellow” re-
gion or the middle white region when viewed in grayscale�
with the largest contractions along the z direction.

Figure 7 uncovers the effect of the periodic boundary con-
dition vis-à-vis the stiffness of the substrate in somewhat

more detail for R̄f =5 and L̄s=5. This corresponds to the case
when each circular thin film island is in point contact with its

FIG. 4. �Color online� The dependence of relative normalized
displacement on interisland spacing for soft substrates under
x̄ȳ-periodic boundary conditions and rigid substrates when an elec-
tric field is applied normal to the surface of the film �the converse
piezoelectric effect�.

FIG. 5. �Color online� The dependence of relative normalized
displacement on interisland spacing for soft substrates under
x̄-periodic, x̄ȳ-periodic, and free boundary conditions and rigid sub-
strates �the converse piezoelectric effect�.

FIG. 6. �Color online� Comparison of displacement along the z
axis, ūz, for free boundary condition, x̄-periodic boundary condition,
and x̄ȳ-periodic boundary condition.
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neighbor. The relative normalized displacement is shown as
a function of height �z̄ coordinate� from the interface and
along the thickness of the thin film. Negative displacements
at z̄=0 indicate that the interface bends toward the interior of
the substrate. The magnitude of the displacement corre-
sponding to the soft substrate subjected to free boundary
conditions is significantly higher than the displacement cor-
responding to the soft substrate subjected to the periodic
boundary conditions. In fact, for the chosen material proper-
ties, the effect of the boundary condition on the deformation
of the substrate is much higher than the stiffness effect of the
substrate. This contrast is maintained as z̄ increases, with a
slightly higher rate of increase for the soft substrate with free
boundary conditions than the other cases �i.e., the slope of
the lowest curve is somewhat higher than the other two�. The
effect of the relative stiffness ratio is studied in Fig. 8 for

R̄f =5 and different values of L̄s. A comparatively stiffer sub-
strate �high value of �� results in a higher displacement; if
the substrate is much softer than the film, �=0.4, the relative
displacement becomes negative, which was identified by Li
et al.5 in their paper.

The relative normalized displacement is studied in Fig. 9
at various values of the normalized radius and interisland
spacing. Notice that at any given value of the interisland
spacing, there is a nonmonotonic dependence of the relative
normalized displacement on the relative radius; this is shown

in the inset for L̄s=100. This can be anticipated. As R̄f de-
creases toward zero, it steadily becomes decoupled from the

clamping effect of the substrate and in the limit R̄f →0, the
stress field becomes truly one dimensional �along the z di-
rection� and the relative normalized displacement approaches

1. On the other hand, as R̄f increases, the clamping effect of
the substrate increases to the extent that the in-plane strain
field in the film can be taken to vanish, i.e., �xx=0 and
�yy =0. For this approximation, the relative normalized dis-
placement turns out to be ūz / ūz

FS= �1− �2Mxxzz / �Mxxxx

+Mxxyy��d̄zxx�, where superscript FS indicates the freestand-
ing film; the numerical value of this ratio turns out to be
0.5441 �for the material properties cited in this paper�. It is
between the values of 1 and 0.5441 that the relative normal-

ized displacement changes nonmonotonically with R̄f. Notice

from Fig. 9 �and not its inset� that at lower values of R̄f, the

relative normalized displacement corresponding to R̄f = L̄s

FIG. 7. �Color online� The dependence of the relative normal-
ized displacement with respect to depth along thin film for soft
substrates under periodic and free boundary conditions and rigid
substrates when an electric field is applied normal to the surface of
the film �the converse piezoelectric effect�.

FIG. 8. �Color online� The dependence of the relative normal-
ized displacement with respect to the relative stiffness ratio �. All
calculations in this figure are subjected to x̄ȳ-periodic boundary
conditions. The reported data correspond to an electric field that is
applied normal to the surface of the film �the converse piezoelectric
effect�.

FIG. 9. �Color online� The dependence of the relative normal-
ized displacement with respect to interisland spacing for different
values of the radius of each island. The inset is the relative normal-
ized displacement with respect to island radius at a given value of
interisland spacing. All calculations in this figure are for a soft
substrate subjected to periodic boundary conditions. The reported
data correspond to an electric field that is applied normal to the
surface of the film �the converse piezoelectric effect�.
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�i.e., the left end of each curve� increases. This increase cor-
responds to the situation where smaller islands are deposited
in a dense packing arrangement and is due to reasons �3� and
�4� discussed in Fig. 5. These reasons could have contrib-
uted, in part, to a sharp increase in the piezoelectric response
of ferroelectric epitaxial PZT thin films on a STO substrate9

�we draw this conclusion in spite of the fact that the specific
results in this paper pertain to ZnO films on STO substrate�.

For the freestanding film, the piezoelectric coefficient dzzz
connects the electric field Ez �all other components of the
electric field being zero� to the deformation uz during the
converse effect through dzzz=uz�0,0 ,z� / �tfEz�, whereas it
connects the stress component �zz at the top surface of the
film �all other components of the stress being zero� to the
electric displacement Dz during the direct piezoelectric effect
through dzzz=Dz�0,0 ,1� /�zz. However, when the film is at-
tached to a substrate, the normalized “effective” piezoelectric
coefficient that will govern the converse effect and the direct

effect may be estimated using the relations d̄zzz
effective

= ūz�0,0 ,1� / Ēz and d̄zzz
effective= D̄z�0,0 ,1� / �̄zz, respectively.

These are not guaranteed to be identical. In that context, it
would be interesting to see the difference under the two dif-
ferent boundary conditions. The normalized effective piezo-

electric coefficient is shown in Fig. 10 at various values of R̄f

and at two different values of L̄s for both the converse effect
�solid lines� and the direct effect �dashed lines�. It is seen that

when R̄f 	5 �and is substantially lower than both values of

L̄s�, the effective piezoelectric coefficient is practically iden-
tical for the converse and direct response while being some-
what degraded from that of the freestanding film. Beyond

R̄f 
5, the effective coefficient is, in general, different and is
higher during the direct effect as compared to the converse
effect.

IV. CONCLUSIONS

A finite element study of a square-periodic array of thin
film piezoelectric islands was implemented. The entire study

is carried out using nondimensional parameters. A lower pe-
riodicity and a higher ratio of the island radius with respect
to the in-plane dimension of the periodic unit cell are instru-
mental in reducing the degradation in the electromechanical
response of the thin film attached to the substrate. A non-
monotonic response with respect to the radius of the film and
a tendency of the deposited film to approach a free or a
clamped state for either a very small or very large radius,
respectively, are also discussed and explained. The effective
piezoelectric coefficients calculated from the converse and
direct effects are generally lower than the bulk value; this
degradation is not as much during the direct effect as it is
during the converse effect.
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